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Abstract
We use a right unitary decomposition to study an ultracold two-level atom interacting with a
quantum field. We show that such a right unitary approach simplifies the numerical evolution for
arbitrary position-dependent atom-field couplings. In particular, we provide a closed form, analytic
time evolution operator for atom-field couplings with quadratic dependence on the position of the
atom.
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I. INTRODUCTION
The Jaynes-Cummings (JC) model describing the interaction of a two-level atom with a
quantized field mode [1] is a solvable working model of the micromaser [2]. In this model,
the center of mass velocity of the two-level atom is slow enough to allow controlled atom
by atom interaction with the field but fast enough to be described by classical physics; e.g.
thermal Rydberg atoms passing through a superconducting cavity showing Rabi oscillations
[3]. In the limit case of a two-level atom so slow that its center of mass motion needs to be
quantized, the system is described by the following Hamiltonian [4],
Hˆ =
1
2
pˆ2 + ωaˆ†aˆ+
ωq
2
σˆz + g(zˆ)
(
aˆ†σˆ− + aˆσˆ+
)
, (1)
where the quantized motion of the two-level atom with unitary mass has been taken in the
zˆ-direction with associated canonical momentum pˆ, the quantum field is described by the
annihilation (creation) operators aˆ (aˆ†) and the frequency ω, and the inner state of the two-
level atom by the Pauli matrices σˆj with j = z,+,− and the transition frequency ωq. Two
regimes of interest can be identified for this model, depending on the ratio between the atomic
kinetic energy and the field-atom interaction energy [5]: the intermediate regime, where the
mean atomic kinetic energy is of the order of the mean field-atom interaction energy, and
the mazer regime, where the kinetic energy is smaller. Amplification via z-motion induced
emission of radiation occurs in the latter and gives origin to the mazer name [5–8]. This
model is of interest as cavity quantum electrodynamics (cavity-QED) experiments in these
two regimes appear feasible with microwave and optical quantum fields [7, 9, 10]. Also, it
is feasible to control or switch off spin interactions of ultracold atoms trapped in optical
lattices [11], as well as to address individual sites of such lattices [12, 13] at the moment
and, in the near future, it may be possible to couple an individual site to a quantum field
as cavity-QED has been demonstrated with Bose-Einstein condensates [14, 15].
In the theoretical side of the problem, analytic solutions are known for the mesa, sech2,
and sinusoidal modes [5, 7]. Also, an adiabatic approximation has been proposed for sinu-
soidal and Gaussian modes [16]. Here, we introduce a right unitary approach to the problem
and provide an analytic solution for a quadratic mode. A quadratic mode may be related to
an ultracold two-level atom approaching the maximum of a cavity field in an oblique path
or trapped in a sinusoidal optical lattice. In the following section, we introduce the right
unitary decomposition of the model Hamiltonian for a general quantum field and construct
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its time evolution operator. Then, we study the resonant case for quadratic couplings and
provide a closed form analytic time evolution operator for the system. Finally, we study the
interaction of an ultracold excited atom with number and coherent states of the quantum
field.
II. RIGHT UNITARY DECOMPOSITION
By moving into the frame defined by the excitation number, aˆ†aˆ + σˆz/2, rotating at
frequency ω, we obtain an interaction picture Hamiltonian,
HˆI =
1
2
pˆ2 +
δ
2
σˆz + g(zˆ)
(
aˆ†σˆ− + aˆσˆ+
)
, (2)
where the parameter δ = ωq − ω is the detuning between the two-level atom and field
frequencies. We can follow a right unitary approach [17, 18] to decompose this Hamiltonian
into the following product,
HˆI = Tˆ RˆyHˆzRˆ
†
yTˆ
†, (3)
where we used a rotation of pi/4 radians around the σˆy operator,
Rˆy = e
ipi
4
σˆy , (4)
=
1√
2
 1 1
−1 1
 , (5)
and the transformation,
Tˆ =
 Vˆ 0
0 1
 , Tˆ † =
 Vˆ † 0
0 1
 . (6)
The latter is right unitary, Tˆ Tˆ † = 1 and Tˆ †Tˆ 6= 1, due to the properties of the London
exponential of the phase [19, 20], also known as Susskind-Glogower [21], operators,
Vˆ =
1√
aˆaˆ†
aˆ, Vˆ † = aˆ†
1√
aˆaˆ†
, (7)
that yield, in the Fock or number state basis,
Vˆ Vˆ † = 1, (8)
Vˆ †Vˆ = 1− |0〉〈0|. (9)
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The new auxiliary Hamiltonian is given by
Hˆz =
1
2
pˆ2 + g(zˆ)
√
aˆ†aˆ σˆz − δ
2
σˆx. (10)
It is straightforward to use the properties of the right unitary approach [18] and show that
the evolution operator of the system is given by the following expression,
UˆI(t) = e
−iHˆI t, (11)
= Tˆ Rˆye
−iHˆztRˆ†yTˆ
†. (12)
In other words, the right unitary operators for this Hamiltonian behave like a unitary oper-
ator such that
(
Tˆ RˆyHˆzRˆ
†
yTˆ
†
)j
= Tˆ RˆyHˆ
j
z Rˆ
†
yTˆ
†. But the construction of an analytic closed
form evolution operator for any given coupling function, g(zˆ), escapes our efforts. Next, we
will show that it is simple to provide such an evolution operator for quadratic potentials
on-resonance.
III. EVOLUTION OPERATOR ON-RESONANCE FOR A QUADRATIC COU-
PLING.
For the sake of simplicity, let us consider the case of an atom and cavity field on resonance,
δ = 0. Note that the approach works for the off-resonant case too, and for a quadratic
potential,
g±(zˆ) = g0 ± |λ|
2
zˆ2, (13)
we can write the auxiliary Hamiltonian in the following form,
Hˆz,± =
 12 pˆ2 +√aˆ†aˆ (g0 ± λ2 zˆ2) 0
0 1
2
pˆ2 − λ
2
√
aˆ†aˆ
(
g0 ± λ2 zˆ2
)
 , (14)
=
 Hˆ± + g0√nˆ 0
0 Hˆ∓ − g0
√
nˆ
 , (15)
where the standard, Hˆ+ = (pˆ
2 + λzˆ2)/2, and inverted, Hˆ− = (pˆ2 − λzˆ2)/2, harmonic os-
cillators, are equivalent to squeezed free propagation and squeezed degenerate parametric
down-conversion, in that order, or equivalently,
Hˆ+ = ω (nˆ) Sˆ
[
1
2
lnω(nˆ)
](
bˆ†bˆ+
1
2
)
Sˆ†
[
1
2
lnω(nˆ)
]
, (16)
Hˆ− = −ω (nˆ)
2
Sˆ
[
1
2
lnω(nˆ)
](
bˆ†2 + bˆ2
)
Sˆ†
[
1
2
lnω(nˆ)
]
. (17)
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Here we defined a frequency in terms of the number operator of the field, nˆ = aˆ†aˆ,
ω (nˆ) =
√
|λ|
√
nˆ, (18)
also, we used a boson representation for the atomic center of mass motion,
bˆ =
1√
2
(zˆ + ipˆ) , bˆ† =
1√
2
(zˆ − ipˆ) , (19)
and the action of the squeeze operators,
Sˆ(ξˆ) = e−
1
2(ξˆbˆ†2−ξˆ†bˆ2), (20)
where the operator ξˆ acts over the cavity field mode, over the position and momentum
operators yields,
Sˆ(ξˆ)zˆSˆ†(ξˆ) = zˆeξˆ, Sˆ(ξˆ)pˆSˆ†(ξˆ) = pˆe−ξˆ. (21)
Note that each and every Fock state of the field, |k〉f , defines a bipartite center of mass-field
mode, {|j〉CM |k〉f} with j = 0, 1, 2, . . . and auxiliary frequency ω(k) =
√
|λ|√k. As stated
in the previous section, we can easily construct the evolution operator,
UˆI(t) = Tˆ Rˆy
 e−ig0√nˆtSˆ±(nˆ, t) 0
0 eig0
√
nˆtSˆ∓(nˆ, t)
 Rˆ†yTˆ †, (22)
with the auxiliary operators,
Sˆ+(nˆ, t) = Sˆ
[
1
2
lnω(nˆ)
]
e−iω(nˆ)[bˆ
†bˆ+ 1
2 ]tSˆ†
[
1
2
lnω(nˆ)
]
, (23)
Sˆ−(nˆ, t) = Sˆ
[
1
2
lnω(nˆ)
]
e−
i
2
ω(nˆ)[bˆ†2+bˆ2]tSˆ†
[
1
2
lnω(nˆ)
]
. (24)
It is possible to use the fact that the operator triad
{
bˆ†bˆ/2 + 1/4, bˆ†2/2, bˆ/2
}
form the
SU(1, 1) group, in order to recast these operators as generalized squeezing operators [22],
Sˆ±(nˆ, t) = efˆ±(nˆ,t)b
†2
eln hˆ±(nˆ,t)(2bˆ
†bˆ+1)efˆ±(nˆ,t)b
2
, (25)
where the sets of auxiliary operator functions are,
fˆ+(nˆ, t) =
1− ω2 (nˆ)
2 {1 + ω2 (nˆ)− 2iω (nˆ) cot [ω (nˆ) t]} , (26)
hˆ+(nˆ, t) =
√
2ω (nˆ)
2ω (nˆ) cos [ω (nˆ) t] + i [1 + ω2 (nˆ)] sin [ω (nˆ) t]
, (27)
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and
fˆ−(nˆ, t) =
1 + ω2 (nˆ)
2 {1− ω2 (nˆ)− 2iω (nˆ) coth [ω (nˆ) t]} , (28)
hˆ−(nˆ, t) =
√
2ω (nˆ)
2ω (nˆ) cosh [ω (nˆ) t] + i [1− ω2 (nˆ)] sinh [ω (nˆ) t] . (29)
Again, we want to emphasize the fact that each and every number state defines a bipartite
mode involving the atomic center of mass motion and that particular field state. Thus, these
operators provide a phase and squeezing for each of these modes.
IV. AN EXCITED ATOM INTERACTING WITH NUMBER AND COHERENT
STATES
Let us assume an ultra-slow atom that crosses a cavity near the maximum of the trapped
coherent field in a linear z-trajectory. This allows us to approximate the field-two-level atom
coupling by a quadratic function on z. In this case, it is possible to describe the coupling as
a quadratic potential and the evolution of the system is given by
|ψ(t)〉 = UˆI(t)|ψ(0)〉. (30)
In the most general case, we can consider a two-level atom in a superposition of excited
and ground states entering the cavity at z0, with center of mass linear momentum p0, and
consider some general field state in the cavity,
|ψ(0)〉 =
 ce
cg
 |β〉CM |φ〉f , (31)
with β = 1√
2
(z0 + ip0), |ce|2 + |cg|2 = 1, and the center of mass is a coherent state,
|ζ〉 = e− |ζ|
2
2
∑
n
ζn√
n!
|n〉. (32)
A practical example is to consider the two-level atom in the excited state, ce = 1 and
cg = 0; then, it is straightforward to calculate quantities of interest, such as the mean value
of the two-level atomic inversion,
〈σˆz(t)〉 = Re
[
f〈φ|CM〈β|e2ig0
√
nˆ+1tSˆ†± (nˆ+ 1, t) Sˆ∓ (nˆ+ 1, t) |β〉CM |φ〉f
]
. (33)
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It is also possible to calculate analytic expressions for the mean position, 〈zˆ(t)〉, momentum,
〈pˆ(t)〉, or even the Q-function of the field but they are not as compact as that of the mean
atomic inversion. The simplest case for this scenario is given by a field in a Fock state,
|ψ(0)〉 = |e〉|β〉CM |n〉f , (34)
with atomic population inversions,
〈σˆz(t)〉 = Re
[
e2ig0
√
n+1te−|β|
2
∞∑
j,k=0
β∗jβk√
j!k!
eiω(n+1)(j+1/2)t×
×f〈n|CM〈j|Sˆ− (nˆ+ 1, t) |k〉CM |n〉f
]
,
(35)
for the potential g+(zˆ), and
〈σˆz(t)〉 = Re
[
e2ig0
√
n+1te−|β|
2
∞∑
j,k=0
β∗jβk√
j!k!
eiω(n+1)(k+1/2)t×
× f〈n|CM〈j|Sˆ− (nˆ+ 1, t) |k〉CM |n〉f
]
,
(36)
for the potential g−(zˆ). Note that the term f〈n|CM〈j|Sˆ− (nˆ+ 1, t) |k〉CM |n〉f can be calcu-
lated exactly and even approximated for large photon numbers by following [23].
In order to produce an example related to experimental data, let us consider the infor-
mation from a cavity-cooling scheme presented in [24] where a single 85Rb atom is passed
through a high-finesse cavity, F = 4.4 × 105, that provides a coupling between the cav-
ity TEM00 mode and the 5
2S1/2F = 3 ↔ 52P3/2F = 4 atomic transition with a strength
of g/(2pi) = 16MHz with an interaction length of 9 µm. For our example, we use the
value of the coupling strength as our frequency unit, g0 = 1, and set the square potential
strength equal to that value, λ = g0, for the sake of simplicity; under this assumptions a
unit of scaled time is 9.9471 ns. We take the field and the atomic transition frequencies
on resonance, δ = 0, suppose an ideal square well trap that covers the whole z−axis, and
artificially place the atom at the initial position z(0) = 0.6819 nm that corresponds to an
initial value z(0) = 0.25 in
√
~/(mg) units. We assume that the atom has two initial mo-
menta p(0) = 0.25 and p(0) = 0.15 in units of
√
~mg that correspond to temperatures of
23.9937 and 8.6377 mK, in that order. Figure 1 shows the evolution of the atomic population
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Figure 1. (Color online) Time evolution of the population inversion for initial states (a)
|ψ(0)〉 = |e〉|β〉CM |0〉f with β = (−0.25 + i 0.25) /
√
2 and (b) |ψ(0)〉 = |e〉|β〉CM |2〉f with
β = (−0.25 + i 0.15) /√2 under the potentials g+(zˆ) (dashed blue) and g−(zˆ) (dotted red) with
paramenters g0 = 1 g and λ = 1 g with g/(2pi) = 16MHz. The Rabi oscillations given by the
evolution under Jaynes-Cummings dynamics is also presented (solid black).
inversion for the Jaynes-Cummings model and for an ultracold atom under the potentials
g±(zˆ) with the aforementioned parameters, and the atom initially in the excited state, with
a coherent center of mass state with coherent parameter β = (−0.25 + i 0.25) /√2, inter-
acting with a vacuum cavity field, n = 0, Fig. 1(a), and a slower atom interacting with
a two-photon cavity field, β = (−0.25 + i 0.15) /√2 and n = 2, Fig. 1(b). Note how the
quantization of the atomic center of mass motion induces changes in the dynamics, even
in the presence of an empty cavity due to emission and absorption of the initial excitation
in the atom. A more realistic scenario involves the atom finding a coherent field in the
cavity. Figure 2 shows the time evolution of the mean population inversion, position and
momentum under the potential g−(z) and the same set of parameters above. Note how the
differences in the population inversion are negligible between the initial condition and how
8
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Figure 2. (Color online) Time evolution of the mean value of (a) population inversion, (b) position
(units of
√
~/(mg)) and (c) momentum (units of
√
~mg) of the atomic center of mass under the
potential g−(zˆ) with paramenters g0 = 1 g and λ = 1 g. The initial states are |ψ(0)〉 = |e〉|β〉CM |α〉f
with coherent parameters α = 1 and β = (−0.25 + i p0) /
√
2 where p0 = 0.25 (solid black) and
p0 = 0.15 (dashed blue). In (a) the time evolution of the population inversion under Jaynes-
Cummings dynamics (dotted red) is included.
the center of mass movement of the slower atom is trapped before that of the faster atom
as expected.
9
V. CONCLUSION
We have shown that a right unitary decomposition simplifies the problem of an ultracold
two-level atom interacting with a cavity field. In general, it is feasible to use our approach
to produce the exact numerical time evolution for arbitrary z-dependent couplings for on-
and off-resonance cases. In particular, we show that a quadratic potential can be solved
analytically both on- and off-resonance. As an example, we provide a closed form time
for the evolution operator on-resonance; here, the evolution operator allows us to calculate
closed forms for the mean values of the atomic inversion. The time evolution of the mean
intensity of the field, position and momentum of the atomic center of mass can be calculated
in closed form but are complicated enough to avoid writing them here. We explored the
evolution of an atom originally in the excited state in the presence of number and coherent
states.
We want to note that, in theory, it may possible to use our approach to deal with a
generalized potential, via a power series expansion and adequate sets of transformations,
but this is unfeasible in practice because the set of transformations for each and every power
has to be worked out separately.
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